Motivated by the widespread use of hybrid-discrete cellular automata in modeling cancer, two simple growth models are studied on the two dimensional lattice that incorporate a nutrient, assumed to be oxygen. In the first model the oxygen concentration u(x, t) is computed based on the geometry of the growing blob, while in the second one u(x, t) satisfies a reaction-diffusion equation. A threshold θ value exists such that cells give birth at rate β(u(x, t) − θ) + and die at rate δ(θ − u(x, t) + . In the first model, a phase transition was found between growth as a solid blob and "fingering" at a threshold θ c = 0.5, while in the second case fingering always occurs, i.e., θ c = 0.
The passage times have the property that t(x, z) ≤ t(x, y) + t(y, z).
From this Richardson was able to show that if e 1 is the first unit vector then t(0, ne 1 )/n → inf n≥1 Et(0, ne 1 )/n.
Once this is established it is not hard to prove the Shape Theorem. The argument for (1) was generalized by Kingman [23] to become his subadditive ergodic theorem, which is a useful tool in many situations, see Section 7.4 in [9] . At about the time of Richardson's work, Williams and Bjerknes [31] introduced a simple spatial model for the spread of cancer. Each site on the square lattice is occupied by a normal cell (state 0) or a cancer cell (state 1). Let n i (x) be the number of neighbors of x in state i. Sites in state 1 become state 0 at rate n 0 (x)/4, and sites in state 0 become state 1 at rate λn 1 (x)/4. In the field of interacting particle systems, this is called the biased voter model. Bramson and Griffeath [4, 3] used subadditivity results to show that the conclusion of the shape theorem held for the biased voter model.
The biased voter model, also known as the spatial Moran model, is simple, but is useful as a cancer model because it is possible to prove a number of results about its asymptotic behavior. The last half-dozen years have seen the use of complex spatial cancer models that explicitly model nutrient concentrations which govern the birth and death rates of the cells which produce and absorb them, and diffuse according to partial differential equations. Such models often take place on a lattice, [12, 1, 14, 15] , but in some cases, the cells have a size and shape and interact through mechanical forces. See e.g., [6, 8, 25, 27] for examples, or [2, 8, 26] for surveys that contrast the different styles of modeling.
These complex models can only be studied by simulation. To begin to build a theory for predicting their behavior, we take the simple first step of adding one nutrient, oxygen, to the Richardson's model described above, and have the birth and death rates of cells depend on their oxygen levels. Our models will have empty sites (ξ t (x) = 0) cancer cells (ξ t (x) = 1), and dead cancer cells (ξ t (x) = −1). Our first model will be static, i.e., the oxygen level at a site will be computed based on the states of nearby sites. Our second model will include diffusion of oxygen and its absorption by living cells.
Static Model
We have a two dimensional lattice in a finite square domain Ω. To define the dynamics we let |z| = (z
1/2 be the usual Euclidean distance and define
where R max is the maximum value of the sum
and the parameter λ > 0 dictates the scale O(1/λ), of the interaction. Let θ be the amount of oxygen needed for the cell to survive and let Φ(x, t) = u(x, t) − θ. Cells with Φ(x, t) > 0 give birth at rate βΦ(x, t) while those with Φ(x, t) < 0 die at rate −δΦ(x, t). To simulate this continuous time Markov chain, we select a site at random from the set of sites occupied by a living cancer cell. The maximum rate at which changes can occur is Γ = max{β(1 − θ), δθ}. If Φ(x, t) < 0 the cell dies with probability −δΦ(x)/Γ. If Φ(x, t) > 0 then a birth occurs with probability βΦ(x, t)/Γ and the offspring is sent to one of the four nearest neighbors. If that site is occupied then nothing happens.
Simulations
To show what the process does, Figure 1 simulates the system with λ = 0.05, β = 0.8, and δ = 1 for θ = 0.1, 0.2, . . . , 0.6. We start the simulations with one living cancer cell centrally located and we perform ten million site updates. Depending on the value of θ this produces a blob with radius 150-200. When θ = 0.1, 0.2 the growing blob is roughly circular, although in the second case one can see that when a large crevice occurs, the cells deep within it do not have enough oxygen and their growth stops.
When θ > 0.5, the system cannot grow like Eden's model, because if the blob is exactly a ball and the ball is large, then points along the boundary would not have enough oxygen to grow. Of course, the shape is never exactly a ball, but when the radius of the blob is large, the points that are lagging behind the edge of the front have even less oxygen and cannot grow. The simulations show that when θ = 0.5, 0.6 the growing blob is not solid but has permanent fjords of 0's. In this case we say that fingering occurs, or to be precise, we make Conjecture 1. If θ > 0.5 then there is at least one point x 0 so that for all t, ξ t (x 0 ) = 0, and x 0 is connected to ∞ by a path of sites y with ξ t (y) = 0.
The existence of x 0 implies that there will be at least one permanent fjord. We expect that the number of fjords will grow linearly with time, but it is not easy to explain precisely how to count the them.
The conjectured behavior for θ > 0.5 is reminiscent of the behavior of diffusion limited aggregation (DLA). To quote Witten and Sandler [34] ," DLA is an idealization of the process by which matter irreversibly combines to form dust, soot, dendrites, and other random objects in the case where the rate-limiting step is diffusion of matter to the aggregate." The rules of the model are quite simple. We start with a cluster that consists of a single particle at the origin of a lattice. Once we have a cluster of size n, another particle starts a random walk from a site that is "far away" from the growing cluster, which in practice means at a point chosen uniformly at random on a circle that is large enough to enclose the cluster. This particle walks until it arrives at one of the lattice sites adjacent to an occupied site. It is added to the cluster and another particle is launched. For a simulation see Figure 2 . The picture may remind the reader of electrical discharge. Indeed, the dielectric breakdown that occurs when the voltage applied to a solid exceeds the breakdown voltage produce DLA-like patterns called Lichtenburg figures, see [30] . Similar growth can be seen in a number of situations such as zinc metal leaves grown by electrodeposition [24] , or the viscous fingering that occurs when a low viscosity fluid is forced into a high-viscosity liquid [7] . The paper [34] which defined DLA has been cited more than 1100 times, according to Science Citation Index, but as far as we know, the only rigorous results in two dimensions are those of Kesten [21, 22] who showed that the arms asymptotically grew at most at rate n 2/3 . There has been a large amount of numerical work, and the fractal dimension has been estimated to be 1.7. See [17] for this and references to the literature. Note that the arms of DLA in Figure 2 are much thinner than those in our simulation of θ = 0.6. In our process the arms will thicken until the oxygen contributions are no longer sufficient for growth to continue. Figure 3 shows our model with θ = 0.7, 0.8 run for twenty million updates. The pictures are now similar to the one for DLA.
When θ = 0.3, crevices form but then later the boundaries connect, resulting in trapped regions in state 0. The reconnection does not happen for θ = 0.4 in Figure 1 . However, when we simulate θ = 0.4, 0.45 for longer time (see Fig. 4 ), we observe that again the boundaries come together. Based on this, we make Conjecture 2. Let ζ t be the collection of sites x at time t where ξ t (x) = −1 or ξ t (x) = 0 and x is in a bounded component of sites in state 0. The shape theorem holds for ζ t when θ < 0.5.
Oxygen Diffusion Model
Now we consider a more realistic model in which the oxygen diffuses and is absorbed by living cells. The oxygen concentration at x at time t, u(x, t), is modeled by the following reaction diffusion PDE, ∂u ∂t
As in the previous model, the transition rates depend on Φ(x, t) = u(x, t) − θ. Cells with Φ(x, t) > 0 give birth at rate βΦ(x, t) while those with Φ(x, t) < 0 die at rate −δΦ(x, t). To simulate the system, we use a square domain Ω, with Dirichlet boundary conditions, u = u 0 , on the boundary ∂Ω. To have a faithful simulation of the system on the infinite lattice, we stop the growth before the blob gets close to the boundary of the square domain Ω. We start the simulation with one cell initially and u(x, 0) = u 0 (x). To numerically solve the initial boundary value problem in (4) describing the chemical dynamics we use a two dimensional square lattice with spacing, h 1, between neighboring lattice nodes. For the temporal discretization of (4) we employ the modified Euler [33] method, which is of second order in time and can be written as an explicit Runge-Kutta. In the examples here, D = 0.1 and a stable time step τ = 0.001 was used.
In order to simulate the birth and death events, we use a discrete time approximation with time step τ s > τ , which in most cases is τ s = 0.1. Assuming Φ(x, t) > 0, a living cancer cell occupying a node x gives birth on a randomly selected nearest neighbor node with probability τ s βΦ(x, t), if the selected neighbor is vacant. Similarly if Φ(x, t) < 0 the cell dies with probability −τ s δΦ(x, t). Note that we do births and deaths once for every 100 PDE updates. This is done to reduce the amount of work, while keeping the number of collisions (i.e., situations in which a site and its neighbor are both updated in one iteration) relatively small, so we have an accurate approximation of the continuous time process.
Simulation results
In Figures 5 we fix all the parameters D = 0.1, µ = 0.125, β = 1.2, and δ = 0.4 and look at the behavior for θ = 0.1, . . . 0.6. The domain is 400 × 400 and we run the simulation, until the growing blob exits the square centered at the origin with side 240. As the reader might expect from the static case, fingering occurs for θ = 0.5, 0.6., while the system is like a blob for θ = 0.1, 0.2. However, now when we run the simulation for longer for θ = 0.2, 0.3 in Figure 6 we observe that fingering eventually develops. Based on this observation we make Conjecture 3. If θ > 0 then there is at least one point x 0 so that for all t, ξ t (x 0 ) = 0, and x 0 is connected to ∞ by a path of sites y with ξ t (y) = 0.
To further investigate the reason why the system never grows like a solid blob, we start the simulation with a ball of radius r = 100, in a 800 × 800 domain, with living cells only along a thin layer from the boundary for θ = 0.2, keeping the same parameters as before. In Figure 7 we see that a radially symmetric initial condition maintains its symmetry for a while (panels a and b) but then the symmetry breaks down (panels d and e). Intuitively this is due to the fact that the circle is not stable: if part of the boundary gets ahead due to stochastic effects then it grows faster, while parts of the boundary that get behind, fall further behind.
Our system has some elements in common with motion by mean-curvature, in which one allows a surface to evolve by moving each point at velocity equal to the mean curvature vector at that point. This process is delicate to study in d > 2, see Evans and Spruck [11] , but can be handled by more elementary methods in d = 2. See Gage and Hamilton [13] for the case of a convex initial curve or Grayson [16] for a smooth one. The main result as stated in the title of [16] is that the flow "shrinks embedded plane curves to round points." To be precise, the curve shrinks to a point as t → ∞ and its limiting shape is that of a circle.
In contrast, a PDE version of our model could be defined without using differential geometry as follows. Parametrize the boundary so that it is traversed at unit speed. Given a point on the boundary rotate the solid so that the tangent to the curve is horizontal and the interior lies below. Let κ(x) be the second derivative of the height at the point x. We declare that growth stops at points where the curvature κ(x) > θ, and motion occurs in the direction of the outward pointing normal vector at speed β(κ(x) − θ). However, to have a good analogy one would have to introduce smooth stochastic fluctuations at the boundary. One way to find an appropriate continuum model would be to take a scaling limit of our particle system. Katsoulakis and Souganidis, and others, see [19] for details and references, have shown that under rescaling interfaces in a long range version of the Ising model converge to motion by mean curvature. However, formulating and proving such a result for our system seems very difficult.
Conclusions
We have investigated two models with a nutrient whose level u(x, t) dictates the rate of growth β(u(x, t) − θ) + or of death δ(θ − u(x, t)) + . In first case, we find a phase transition between growth as a solid blob and "fingering" at a threshold θ c = 0.5, while in the second case fingering always occurs, i.e., θ c = 0.
We believe that this difference in behavior can be traced to the space scales involved. In the first (static) model the nutrient concentration at a cell is calculated by considering only vacant nodes within the support of a nutrient kernel (2) , centered at that cell. In this case, there is a fixed radius of interaction, so sites separated by more than that distance evolve independently. Because of this, the size of disturbances stays constant.
In the case of the second (diffusion) model, oxygen is being introduced from the boundary and diffuses in the domain being partially absorbed by living cancer cells, so the length scale over which the nutrient levels vary is proportional to the the size of the blob. Because of this, a solid blob is subject to a destabilizing disturbance with probability independent of its size and eventually succumbs.
Here, we have concentrated on the behavior of the two models as a mathematical puzzle: what growth rules result in fingering rather than growth as a solid blob. There is also the related question: what biological mechanisms promote fingering. Is it due to cell adhesion [1] or hypoxia [12] which is the driver in our models. Answering the last question is important if one wants, as [25] suggest, to use tumor morphology to predict the efficiency of antiangiogenic therapy. More generally, one must have an understanding of the mechanisms at work in complex hybrid-discrete cellular automata if one wants to use them to assess chemotherapy strategies, [18] . In each case we have started the simulation by using one living cancer cell located in the center of Ω, and run the simulation until the growing blob reached the boundary of the inner centered square with side length 240.
